The application of synthetic turbulence reconstruction models for flow noise prediction is quite attractive from an industrial point of view due to the limited resource required, but up to now it has not been widely adopted due to a lack of confidence in the results that could be obtained. The SNGR method is therefore analyzed performing some convergence tests that shows how the main source of problems seems to be related to the lack of converge when the maximum wavenumber is increased. 
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I. Introduction
The capability to evaluate flow generated noise has become a topic of relevant industrial interest for a wide range of different application domains that include not only typical aerospace applications such as airframe noise, high lift device noise, and jet noise, but also automotive applications such as exhaust system noise and side mirror noise, wind turbine noise and industrial silencers noise. The direct capture of the aeroacoustic sources using DNS and LES has been the focus of a large amount of research efforts in the last years and several good results have been presented (see for example Colonius 1 for a review.) With currently available computer resources however the feasible DNS calculations are limited to relatively simple geometries at low Reynolds numbers where the separation between the involved length scales is not too large. With LES the situation is a bit better but, for realistic geometries, and high Reynolds numbers, the required resources and the computational times makes the methods difficult to apply in an industrial context, particularly considering the short development times imposed by current industry requirements. There is therefore a strong need of methods that could provide some kind of approximate solutions, and research efforts have been focused in the last years in the so called synthetic turbulence reconstruction methods. The methods originates from works of Karweith, 2 Bechara, 3 and Bailly [4] [5] [6] that introduced the core features of the Stochastic Noise Generation and Radiation methods (SNGR) as is currently used. The basic idea consists in assuming that the unsteady turbulence velocity field can be obtained as a sum of a set of plane waves whose wavenumber, intensity , and phase is selected in such a way to match the mean statistical properties that are obtained from a steady RANS analysis. In particular the turbulent field is obtained as a sum of Fourier modes at different wavenumbers that mimics the turbulence vortex structure and, following the Taylor hypothesis of frozen turbulence, each wave number is assumed to be convected at the local free stream velocity, and its intensity is obtained from the Von-Karman modified spectrum for isotropic turbulence scaled in such a way to preserve the total turbulent kinetic energy obtained by the RANS analysis. Once that the turbulent velocity field is available, the aeroacoustic sources are reconstructed using some acoustic analogy and are propagated using a LEE solver. The method was originally applied by Bailley to predict noise radiated by circular jets, but it produced an overestimation of the noise levels. After its introduction the SNGR method has been subject of a lot of research efforts and several authors introduced modified versions, such as for example the works of Billson, 7 Casalino, 8 and Mesbah, 9 and in some cases good results have been obtained for selected cases but the general tendency of the method to overestimate the noise levels has been evidenced in several situations. A complete different approach to synthetic turbulence reconstruction originated from the work by Careta et al., 10 in which turbulent velocity fields with prescribed two point correlations were obtained by filtering white noise. The RPM (Random Particle Mesh) method introduced by Ewert [11] [12] [13] [14] follows this path and permits to generate a fully solenoidal velocity field with well prescribed two point correlations. The method requires the introduction of a scalar stream function whose derivative represents the fluctuating velocities, and this ensures the full solenoidal nature of the generated field. The scalar stream function is then reconstructed starting from a white noise field and applying a Gaussian filter along the streamlines of the RANS analysis, that are computed injecting random particle and convecting them downstream. In order to define proper correlation length and overall turbulent kinetic energy, the Gaussian filter is scaled based on the results of the RANS calculation. Results have been presented with good comparisons with experiments for airfoil noise test cases including NACA0012 trailing edge noise and airfoil slat configurations.
More recently attempts have been done to introduce more physics into the synthetic reconstruction processes, and in particular the attention was focused on the attempt to include into the models the effect of the sweeping dynamics of the vortex structures for both SNGR 15 and RPM, 16 but again for what concern SNGR the overall levels were overestimated even if in this case the source of the discrepancy was attributed to a divergence of the LEE propagation.
In spite of the research efforts done in the last years, stochastic methods have not yet been widespread applied at an industrial level, partially due to their recent introduction, and partially due to the lack of a general understanding and solid background in the field that could permit engineers to apply the method with the required confidence. In particular for what concern SNGR, in spite of the good results that have been obtained for specific cases, the tendency of the method to overestimate the pressure levels can cause substantial problems for usage at an industrial level, especially considering that a sufficiently extensive assessment of the accuracy and reliability of the method for the different application domains is still missing.
The work in this paper originated therefore exactly from this need with the idea to perform a first step toward an as much as possible exhaustive assessment of the results that can be obtained by SNGR in the different application domains. The attention was particularly focused on the different parameters that are involved in the formulation and that can have a significant impact on the predicted noise levels. For some of these parameters however (consider for example the number of modes, or the upper limit for the wave number) it should be possible to perform a convergence analysis that should permit to eliminate the effect of these parameters once that they are taken sufficiently large or small. A few of these convergence studies are available in the literature, 9, 17 but the attention was mainly on the number of modes, and on the extent of the source region, but the effect of the maximum wavenumber, that is instead a central point of the present work, was not considered.
The paper is therefore organized as follow: In the first part a convergence study in terms of the maximum wavenumber will be presented and it will be shown that the radiated sound largely increase to non physical values when the maximum wavenumber increases, and also that this effect seems to be inherent in the standard SNGR formulation.
Then in the second part an analysis is done in trying to identify, in a first step, the physical mechanisms that could generate this convergence problem and, in a second step, a potential modeling approach that could be used to reduce the issue. In particular the continuous energy transfer from large vortex structures to small ones, which is not represented in the standard SNGR method, is assumed as the possible source for the lack of convergence, and a modified SNGR formulation called Damped Stochastic Noise Generation (DSNG) is introduced to take into account these effects.
The new DSNG formulation is then tested against a couple of different experimental test cases, performing several convergence tests and showing how it largely improves the reliability, accuracy, and convergence properties in respect of the classical SNGR method.
II. SNGR convergence versus maximum k
The basic SNGR formulation consists in assuming that the turbulent velocity field can be obtained as the summation of a series of plane waves convected with the mean flow velocity:
where u is the turbulent velocity that has to be reconstructed, U is the mean flow velocity, andû n , ψ n and σ n are magnitude, phase and direction of the n th Fourier component. The modal magnitudeû n is selected in such a way that the total reconstructed kinetic energy be consistent with the turbulent kinetic energy generated by the RANS analysis. The phase is selected randomly as well as the direction of each wavenumber k, and σ n is selected in such way to be perpendicular to k generating in this way a solenoidal field. In order to generate the spectral distribution the modified Von Karman isotropic turbulence spectrum is used:
where A is a numerical constant, K is the turbulent kinetic energy, k e is the wavenumber of maximum energy and k η = 1/4 ν −3/4 is the Kolmogorov wavenumber. The constants A and k e can be determined by equating the integral energy and the integral length scale derived from Eq. (2) respectively with the turbulent kinetic energy K, and the correlation length L T = f l u 3 / obtained by the RANS analysis, being u = 2K/3 the isotropic turbulent velocity. Being f l the correlation factor that define a ratio between the CFD and integral length scales and that constitute the main parameter of the SNGR formulation.
A typical Von Karman spectrum obtained for T KE = 304 m 2 /s 2 and = 200000 m 2 /s 3 is reported in figure 1 , where also the related Dissipation spectrum is showed.
The number of considered modes N F vary usually between 20 and 100, and the range spawned by the modes ranges typically from (0.1 − 0.2)k e to (2 − 5)k e where k e is the wavenumber at which the modified Von Karman spectrum reaches it maximum. Typically the maximum wavenumber is usually limited also by considerations related to the cell size of the mesh used for propagation. Since our attention here is in the validation of the Stochastic noise generation mechanism independently from the propagation tool, we will consider for the propagation phase just the convective Green function and we will adopt as a test case a Jet noise case in which the assumption of free field radiation with uniform flow velocity does not seem to pose too strong constraints. What we would expect is therefore that increasing progressively the maximum wavenumber k max we should get converged results that hopefully should be obtained for a k max more or less close to the k max values that have been usually reported in the literature. The case considered here is the jet noise measurements conducted in 1983 by QinetiQ on a static single-stream 86mm convergent nozzle over a range of fully expanded jet velocities and static temperatures compatible with those of aero-engine exhausts. A typical example of the convergence plots that can be obtained is reported in figure 2 , where the SPL in 1/3 band octave is reported for two different microphones placed at different emission angles ( 30 • in the left picture and 80
• in the right one), and for different values of the k max value. It is possible to see that for k max = 1.5k e the computed spectrum is similar to the measured one for both the microphones, but, as soon as k max increases, the spectrum diverge with a fully unphysical behaviour.
It is also interesting to note that when k max increases, the lower part of the spectrum progressively reach a convergence but at values much higher than expected, and this seems to indicate that the part of the turbulent spectrum that contribute to noise radiation is located at wavenumbers much higher than expected. This peculiar behaviour is not an isolated case, and identical behaviours have been observed in a wide number of different test cases that range from tail pipe noise to airfoil trailing edge noise, and this seems to indicate that this behaviour is inherent in the standard SNGR method that, for some reason, fails to capture the correct radiation spectrum. A rationale for this behaviour can be obtained considering the radiated sound that can be evaluated using the Lighthill analogy. The pressure disturbance p at a generic observer can be formally written as:
Where G is the Green function and T ij is the Lighthill stress tensor. This equation substantially states that the acoustic source at any point is related to the double divergence of the Lighthill stress tensor in the source region. For our purposes T ij can be written as ρu i u j where u is the synthetically reconstructed turbulence field. If we now consider equation (1) and take the double derivative for example in respect of x 1 we obtain terms that can be written as:
Since we have scaledû n in order to match the shape of the modified Karman spectrum E(k), then the above relation express the fact that the radiated sound generated by SNGR contains terms whose spectrum content is proportional to k 2 E(k). This is an important result since from isotropic turbulence theory (see for example Pope 18 ) it is known that the dissipation spectrum D(k) is given by D(k) = νk 2 E(k), and so it seems that standard SNGR method substantially produce a radiated noise spectrum that is related to the dissipation spectrum D(k) rather than to the Energy spectrum E(k). Therefore since the dissipation spectrum has a frequency content much higher than the Energy spectrum (see for example figure 1), then the observed SNGR convergence behaviour in terms of increasing wavenumbers can be understood.
III. The DSNG formulation
Once that the reason of the difficulties of the SNGR method have been identified it is possible to try to search for potential improvements that can bypass these difficulties.
Let's consider the velocity reconstruction process performed by SNGR in a given period t 0 , and consider the contribution of a specific wavenumber k 0 . From equation (1) the contribution of the wavenumber in a specific spatial point x 0 is a sinusoid with constant amplitude and phase that remains unchanged in all the period from t = 0 to t = t 0 . The steadiness of the sinusoid amplitude is consistent with the fact that in steady conditions the turbulence spectrum remain unchanged and therefore the energy content at a given wavenumber does not change with time. However looking more closely to the real behaviour of the vortex structures we know from the energy cascade that energy is continuously transferred from low wavenumber eddies to high wavenumber eddies. The net balance of this transfer is, in steady conditions, equal to zero, and so the energy spectrum remains constant, but vortex structures are continuously created and destroyed. It is clear therefore that the model adopted by standard SNGR and described by equation (1) completely fails to describe this continuous creation and destruction process. This aspect is of fundamental importance when we consider sound radiation since it is reasonable to assume that during the energy transfer there will be no substantial phase relation between the created and destroyed vortex structures, and this lack of coherence between different vortices at the same wavenumber will result in a reduced efficiency for what concern sound radiation. In order to try to quantify this effect the first step is to identify what is the amount of energy transferred. From theory of homogeneous turbulence 18-20 the energy spectrum balance equation writes as:
Where E(k, t) is the energy spectrum, P (k, t) is the production spectrum or the energy produced at wavenumber k at time t, D(k, t) = 2.0νk 2 E(k, t) is the dissipation spectrum that express the energy dissipated by viscosity, and T (k, t) is the spectral energy transfer rate that describe the net transfer from wavenumber lower than k to wavenumber greater than k. In steady conditions the balance writes as:
In order to evaluate T (k) we follow the work of Pope 18 and divide the spectrum in the energy containing region that extends from k = 0 to k = k P , in the inertial subrange from k = k P to k = k D , and in the dissipation range from k = k D to k = ∞. Integrating equation (6) in the dissipation range, and considering that ∞ 0 D(k)dk = we get T (k D ) = , and then, since production and dissipation are negligible in the inertial range, we get T (k E ) = T (k D ) = . Focusing our attention in the inertial range, the energy flow rate is given by T (k), and the energy content is E(k), then it is possible to assume that the speed of change of the wavenumber due to the energy transfer is given by T (k)/E(k), and therefore in the inertial subrange it is possible to write:
This equation permits to obtain an expression of the time variation of the wavenumber due to the energy transfer and will constitute the basis for the proposed extension of the SNGR approach. Using equation (7) it is natural to rewrite the basic SNGR equation (1) by inserting a term that accounts for phase time variation due to the wavenumber variation. It is possible therefore to obtain the following modified expression for the velocity:
This equation needs however some care in order to be implemented since the phase change due to the wavenumber variation need to be built with care in order to avoid sharp phase changes, and also it is necessary to properly take into account for associated changes inû n (k). It is however possible to include the effect of the wavenumber variation in a different simplified approach that is much more simple to implement. As we have seen the effect of the wavenumber change can be modeled as a phase variation, and so if we limit our description to the radiated sound field we can try to model this effect with a sort of change of the sound radiation efficiency due to the speed at which the wavenumber change. So we can therefore leave substantially unchanged the equation (1) and simply add a radiation efficiency factor R(k) obtaining:
This equation is here referred as Damped Stochastic Noise Generation DSNG, since a damping factor is added to model the reduced radiation efficiency due to wavenumber change. Since the radiation efficiency term R(k) is related to the phase changes introduced by the wavenumber changes, then it can be conveniently expressed as a function of k, of , and of an empirical radiation coefficient factor f r .
It can be very interesting to note that the DSNG formulation is not able to reconstruct the turbulent kinetic energy (TKE) obtained from the RANS analysis since the amplitude of each wavenumber modê u n , that itself reconstruct the TKE, is now multiplied the radiation efficiency factor. This is reasonable once that it is understood that both SNGR and DSNG model the turbulence substantially as a sum of constant amplitude plane waves. Since this is substantially different from what happen physically where there turbulence is continuously created and transferred, then if the set of plane waves matches the TKE it is reasonable to expect that it could not match the radiated sound. In this perspective therefore the DSNG method seems to be more properly applied when the focus is on the radiated sound while the standard SNGR method is more properly applied when the focus is on the turbulent velocity itself.
The DNSG Equation (9) constitute the main result of this paper and all the results and validations in the following will be presented using this formulation.
It should be noted that the DSNG formulation contains two parameters that are non convergence parameters (namely f l and f r ) in the sense that they cannot be changed to reach convergence, but they need to be tuned to properly reconstruct the radiated noise. All the other parameters instead should not be tuned and the values required to reach convergence should be used. Obviously once that the non convergence parameters are tuned they should hopefully left unchanged for a wide range of applications domains. In particular in the present paper for all the calculations the values assigned to these parameters were f l = 2.5 and f r = 0.0002.
IV. DSNG convergence tests
The first test considered is obviously the repetition of the previous test showed in figure 2 concerning the convergence, in terms of the maximum wavenumber, for the 86mm circular nozzle with M = 0.5. From results reported in figure 3 , it is evident that the divergence of the solution when the wavenumber increase has disappeared, and the solution seems to be converged for a maximum wavenumber equal to 10k e . It is possible to note that some oscillations are still present in the results, but this are probably due to the fact that just 5 As a second convergence test the size of the region used as source is considered. Typical SNGR calculations limit the region for which the reconstruction is performed by considering for example just the RANS cells for which the turbulent Kinetic energy is beyond a given threshold, but several other criteria have been used by various researchers including also limits on the dissipation and on the mean flow velocity. It is however clear that in view of industrial applications the calculation results have to converge when the size of the region used for reconstruction is increased, and that the only reason for the limitation of the source region can be a reduction of the computational time once that is proven that the region is large enough to ensure convergence. Different source regions are therefore considered by limiting the TKE minimum value to different thresholds without applying any other restriction. In particular the source regions considered range from T KE > 400 m 2 /s 2 (the smallest one) up to T KE > 25 m 2 /s 2 (the largest one). Results are reported in figure 4 below. It is possible to see that in the high frequency part of the spectrum all the source regions provide converged results, while at low frequencies the smallest regions underestimate the noise levels, and that the convergence is fully reached with the T KE > 50 m 2 /s 2 source region. It is interesting to note that this behaviour is physically expected since the low frequency part of the spectrum will be influenced by the low wavenumbers (large wavelength) vortex structures, and therefore it is reasonable to expect that for the convergence a larger region is required at low frequencies. From the above analysis it is possible to deduce that using as source region the cells with turbulent kinetic energy larger than the 10% of the maximum value, ensures a reasonable margin for obtaining converged results.
As a final test figure 5 shows the convergence in terms of the number of modes used for the reconstruction. The number of modes is changed from 25 to 200 and it is possible to see that, except for the very low frequencies of the 30
• microphone, the convergence seems to be already reached with 50 modes. Once that the convergence properties of the DSNG formulation have been confirmed, it is possible to look at the results that can be obtained. As a first case we will consider the QinetiQ jet noise considered for the convergence tests, and as a second test case we will consider a 2D airfoil and slat configuration used in the VALIANT research project.
V. Jet noise results
The QinetiQ 86mm nozzle used for convergence tests is used here also for validation showing results for TKE>400  TKE>200  TKE>100  TKE>50  TKE>25 exp. some additional microphones and also directivity plots. The case considered is again the one with a velocity ratio of 0.5 and a temperature ratio of 1.0. From the above convergence tests k max was selected equal to 20k e , the number of modes equal to 100 and the source region was limited to cells with T KE > 100 m 2 /s 2 (that corresponds to about 10% of maximum value). The RANS calculations have been performed with Numeca FINE/Turbo code using a k − ω turbulence models with a 3D mesh of about 2 millions cells. Figure 7 gives in the upper part a section view of the source region used for reconstruction with visualization of turbulence kinetic energy . Note that in the view of a general applicability of the model no specific limit has been inserted in the source region for what concern the dissipation and also the very high values present near the nozzle outlet section have been included in the reconstruction. Figure 7 gives also in the lower part a view of the generated local coherence blobs reconstructed from the local correlation length obtained by the RANS analysis. Figure 8 reports finally the turbulent kinetic energy reconstructed respectively by SNGR (low) and DSNG (up), and as expected the TKE reconstructed values for DSNG are substantially lower than the ones obtained for SNGR.
Results are presented in figure 6 for different microphones placed at about 12m from the jet outlet, and at angles ranging from 30
• to 120
• from the jet axis. As already evidenced in the convergence tests, results are very good for microphones at small angles but the accuracy decreases with increasing angles. This trend is also confirmed by the directivity plot showed in figure 11 . The reason for the discrepancy could be due to the simple model used for propagation since, once that the sources have been reconstructed by DSNG, they have been propagated with the free field Green function of steady medium, so the effects of flow non uniformities on sound propagation, as well scattering effects from the nozzle surface, have been neglected. Propagation analysis is going to be performed with the more accurate embedded FlowNoise module of FINE/Acoustics that permit to embed the DSNG computed sources as volume sources in the finite element frequency domain solver for non uniform flows.
VI. VALIANT results
As a second test case the configuration of the airfoil plus slat considered in the Valiant research project has been considered. 21 The case considered is a 2D airfoil+slat configuration reported in figure 9 . The CFD analysis has been conducted with FINE/Open with a k − ω turbulence model, and with a 2D mesh of about 200000 cells. The DSNG FlowNoise module implemented in FINE/acoustics has been used to evaluate the noise sources that have then been propagated to the airfoil boundary, and then have been used as a boundary condition for a FINE/Acoustics BEM analysis with an uniform convective flow velocity. For the reconstruction exactly the same parameters used for the QinetiQ jet noise have been adopted for the Valiant test case. In particular k max was selected equal to 20k e , the number of modes equal to 100, and the source region considered is the region with T KE > 5 m 2 /s 2 within the red square box showed in figure 9 . Considering that the maximum turbulent kinetic energy is equal to 130 m 2 /s 2 it results that this value is well below the 10% limit that was established in the convergence tests reported in figure 4 . The correlation factor and the radiation factor were kept unchanged and equal respectively to f l = 2.5 and f r = 0.0002. Figure  10 show a view of the source region with the local correlation length and the reconstructed blob structure, while figure 14 show the difference in the reconstructed turbulence kinetic energy obtained respectively by SNGR and the new DSNG. As expected the DSNG values are substantially smaller in respect of the SNGR values that are instead closer to the values obtained from RANS analysis.
After the analysis the usual 2D − 3D correction 14 has been applied in order to transform 2D results into the finite span 3D configuration, and this resulted in a constant shift of about −20.9dB. Then an additional 7dB has been added to take into account for installation as defined in the Valiant project.
22 Figure 15 reports the comparison between measured and predicted SPL spectra for different microphones placed at different angles both in the pressure and suction side of the airfoil. A single DSNG reconstruction has been considered without any average. It is possible to see that some discrepancies exists at the low frequencies but above 1kHz the FINE/Acoustics DSNG formulations seems to correctly capture the overall behaviour with some discrepancies only for the microphones at 285
• and 330
• . Obviously the tonal peaks are not captured by the DSNG since the stochastic approach cannot capture the strong fluid-acoustic interactions that produce these tonal peaks.
VII. Conclusions
An assessment of the convergence properties of the standard SNGR method has been performed, and it has been showed that the standard SNGR does not converge (or converge at unphysical high values) when the maximum wavenumber used for reconstruction is increased. The reason for the lack of convergence has been identified in the fact that the SNGR approach does not model the turbulence cascade which produces the energy transfer process that occur in the inertial range , and that results in a substantial reduction of time correlation in the turbulent velocities . Once that the mechanism has been identified a modified method called Damped Stochastic Noise Generation (DSNG) has been proposed that, based on an estimation of the wavenumber time rate of change induced by the turbulence cascade , reduces the amplitude of the modes used in reconstruction in such a way to simulate more properly the sound radiation. The method substantially can be seen as a relaxation of the matching between the reconstructed TKE and the TKE computed by RANS, that ensures a more physical reconstruction of the radiated sound.
The DSNG method rely on the definition of just two parameters f l and f r that, in order to facilitate the application in industrial contexts, should assume values as much as possible independent from the specific test case. The influence of all the other parameters present in the SNGR method is removed from the formulation since they should always assume values sufficiently large to ensure convergence. The new method has then been implemented into the FlowNoise module of FINE/Acoustics and is applied to a couple of test cases that include a 3D jet noise and a 2D airfoil+slat configuration with generally good results and with no tendency to get systematically over predicted or unconverged results. Notably the same values for all the parameters were used during the different calculations for the different test cases.
The capability to apply synthetic reconstruction tools for industrial applications is therefore largely enhanced by the DSNG method since no specific tuning is required in relation to the specific test case.
Further studies will be performed in order to further validate the method and assess the parameter independence in other different test cases.
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